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Abstract 

Using a scheme involving a lifting of a row contraction we introduce a toy model of 
repeated interactions between quantum systems. In this model there is an outgoing Cuntz 
scattering system involving two wandering subspaces. We associate to this model an in- 
put/output linear system which leads to a transfer function. This transfer function is a 
multi-analytic operator, and we show that it is inner if we assume that the system is observ- 
able. Finally it is established that transfer functions coincide with characteristic functions 
of associated liftings. 
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1 Introduction 

In the article [GolOj the author has commented that an integration of schemes, by replacing the 
assumption of a one dimensional common eigenspace (corresponding to the vacuum vector) 
of the associated operator tuple in the toy model of [GolOj with a canonical construction 
involving a lifting of a row contraction in the setting of [DGllj . in future may help to remove 
unnecessarily restrictive assumptions of their model. This paper attempts to achieve some of 
these objectives. In the model of repeated interactions between quantum systems, also called 
a noncommutative Markov chain, studied in [GolOj (cf. |Go04j ) for given three Hilbert spaces 
%^ K. and V with unit vectors Q^, and an interaction is defined to be a unitary operator 
U -.n^K, ^n®V such that 

?7(J1^ J]'^) = 0^ J]^. (1.1) 

Define /Coo := (E^Si ^ ^'^'^ ^oo := ^ infinite tensor products of Hilbert spaces with 

distinguished unit vectors. We denote m-th copies of /Coo by K-m and set /C[m,n] •= ^m®- ■ •<S5/C„. 
Similar notations are also used with respect to V. The repeated interaction is defined as 

U{n) := Un . . .Ui : n (E) ICoo ^ n ^ (g) JC[n+i,oo) 
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where t/j's are copies of U on the factors 710 fCi of the infinite tensor products and f/j's leaves 
other factors fixed. Equation (1.1) tells us that the tensor product of the vacuum vectors 
Q'^, Q'^ (along with Q^) represents a state of the coupled system which is not affected by the 
interaction U. This entire setting represents interactions of an atom with light beams or fields. 
In particular in [GolOj is thought of as the vacuum state of an atom, and il'^ and $7^ as 
a state indicating the absence of photons. 

In the generalized repeated interaction model that we introduce in this article we use a 
pair of unitaries to encode the interactions instead of one unitary as follows: 
Let be a closed subspace of Ti, and U -.l-L ® K, ^ % ®V and U : % ® K, ^ H he two 
unitaries such that 

U{h(^Vf) = U{h®n^) iov &\\ heii. (1.2) 

We fix {ei,...,ed} to be an orthonormal basis of V. The equation (1.2) is the analog of 
the equation (1.1) for our model and thus our model can be used to describe some model 
for quantum system involving a stream of atoms interacting with a light beam and a fixed 
generalized state, i.e., a completely positive map. In this article we are interested in exploiting 
the rich mathematical structure of this model. 

The focus of the study done here, as also in [GolOj . is to bring out that certain multi-analytic 
operators of the multivariate operator theory are associated to noncommutative Markov chains 
and related models, and these operators can be exploited as powerful tools. These operators 
occur as central objects in various context such as in the systems theory related works (cf. 
|BV05j ) and noncommutative multivariable operator theory related works (cf. |Po89b| , [Po95j ) . 

A tuple T = (Ti, . . . ,Trf) of operators Tj's on a common Hilbert space C is called a row 
contraction if Xlii '^i^i ^ I- particular if J^iLi TiT* = /, then the tuple T = (Ti, . . . , Td) 
is called coisometric. We introduce the notation A for the free semigroup with generators 
1, . . . , d. Suppose Ti, . . . , Trf G B{C) for a Hilbert space £. If a G A is the word ai . . . a„ with 
length \a\ = n, where each Uj G {1, . . . , d}, then Tq, denote Tq,^ . . . T^^. For the empty word 
we define |0| = and T0 = /. 

The unitary U :% ® K, ^ % ®V from our model can be decomposed as 

d 

U{h(^n^) = ^E*h(^ej foT hen, (1.3) 
i=i 

where Ej's are some operators in B{T-L), for j = 1, . . . , d. Likewise there exist some operators 
Cj's in B{J-i) such that 

d 

U{h®if') = ^C*h®ej ioiheii. (1.4) 
i=i 

Observe that Yl'j=i-^j^j — ^ ^^'^ Yl'j=iCjCj = i-^-i K ^^'^ Q. coisometric tuples. By 
equation (1.2) 

E*h = Cfh for all heTi. 

We recall from [DGllj that such tuple E = {Ei, . . . , E^) is called a lifting oi C_= (Ci, . . . , Cd)- 
Our model replaces the vector state X — t- {Q^ , XQ'^) on B{'H) of [GolOj corresponding to the 
vacuum vector by the unital completely positive map ip '■ B((H) — t- B{H) defined by 

cp{X) := Pf^X\^ for all X G B{n). 

Note that 

(l){E^{EpY) = C^{CpY for all a, /3 G A. 
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In section 2 we develop our generalized repeated interaction model and obtain a coisometric 
operator which intertwines between the minimal isometric dilations of E_ and C_, and which 
will be a crucial tool for the further investigation in this article. Using this an outgoing Cuntz 
scattering system in the sense of |BV05| is constructed for our model in section 3. Popescu 
introduced the minimal isometric dilation in [P o89aj and the characteristic function in }Po89b| 
of a row contraction, and systematically developed an extensive theory of row contractions (cf. 
|Po99j ■ |Po06j ). We use some of the concepts from Popescu's theory in this work. 

For the outgoing Cuntz scattering system in section 4 we give a A-linear system with an 
input-output formalism. A multi-analytic operator appear here as the transfer function and we 
are benefited in our effort to understand these transfer functions on employing the language of 
power series for them. In [YK03] and |GGY08) there are other approaches to transfer functions. 
Several works on transfer functions and on quantum systems using linear system theory can 
be found in recent theoretical physics and control theory surveys. In section 5 we investigate 
in regard to our model what the notion of observability implies for the scattering theory and 
the theory of liftings. Characteristic functions for liftings, introduced in [DGllj . are multi- 
analytic operators which classify certain class of liftings. Our model is a vast generalization of 
the setting of [GolOj . and a comparison is done in section 6 between the transfer function of 
our model and the characteristic function for the associated lifting using the series expansion 
of the transfer function obtained in section 4. 



2 A Generalised repeated Interaction Model 

We begin with three Hilbert spaces HjlC and V with unit vectors Q'^ G JC and G V, 
and unitaries U and U as in equation (1.2). In /Cqo = ^iZi^ ^oo = ^iZi'P define 
■■= ^'^ and 0^ := 0^ respectively. We denote m-th copies of by 0^ 

and in terms of this we introduce the notation := (8) • • • ^ Identify JC^^^^] with 

^[1 m-i] *^ ^[m,n] ® ^[^+1 oo)' ^ "^^th H as a subspace of T-L /Coo and TI with T-L (g) 0^ 
as a subspace of T-i^lCoo- Similar notations with respect to V are also used. For simplicity we 
assume that d is finite but all the results here can be derived also for d = oo. 
Define isometrics 

Vfih O T]) := U*{h €j) ?7 for j = 1, . . . , d, 

on the elementary tensors h r] G 710 /Coo and extend it linearly to obtain Vj^ ^ B{T-L ® 
/Coo) for j = 1, . . . , d. We recall that a lifting T = (Ti, . . . , T^) of any row contraction S_ = 
(5i, . . . , S(i) is called its isometric dilation if Tj's are isometries. It can be easily verified that 

V_ = {Vf', . . . , Vj^) on the space Ti (E> /Coo is an isometric dilation of ^ = {Ei, . . . , E^) (cf. 
section 1 of |DG07j ). li h £ Ti and ki G /C, then there exist /ij G ^ for i = 1, . . . , d such that 
U*{Yli=i hi® ei) = h®ki because C/ is a unitary. This implies 

d 
i=l 

In addition if /c2 G /C, then 

d d 

Vf{hi (g)k2<^ ^[2,oo)) = U*iYl ® ® ^2 O ^[3,oo) = h®ki®k2® ^f^^^y 

i=l i=l 
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By induction we conclude that 

rL®K.oo = spaniVaih ^'^) : h en,a e A}, 

i.e., V_ is the minimal isometric dilation of E_. Note that the minimal isometric dilation is 
unique up to unitary equivalence (cf. [Po89a] ). 
Similarly, define isometrics 

Vfih rj) := U*{h (g) e^) rj foi j = 1, . . . ,d 

on the elementary tensors h ^ rj G T-L /Coo and extend it linearly to obtain Vj-" ^ Bifl. ® 

/Coo) for j = 1, . . . , d. The tuple V_ = {V^' , Vj^) on the space Ti (8) /Coo is the minimal 
isometric dilation of C_= (Ci, . . . , Cd)- Recall that 

Urn ■■ T-L ® K,oQ ^ T-L ® ^[l,,n-l] ^Vm® /C[m+l,oo) 

is nothing but the operator which acts as C/ on 7^ (g) /Cm and fixes other factors of the infinite 
tensor products. Similarly, we define Um using U . 

Proposition 2.1. Let P„ := IlCy„+,,oo) ^ B{n ® /C[„+i,oo)) for n G N. 

Then 

sot - lim ill... U*PnUn ...Ui 

n— >oo 

exists and this limit defines a coisometry W : Ti^fCoo — ^ T-L^KLoo- Its adjoint W* : 7^ (g/Coo — >■ 
T-i ® /Coo is given by 

W* = sot - hm Ul... U*Un ...Ui- 

ra— )-oo 

Here sot stands for the strong operator topology. 

Proof. At first we construct the adjoint W*. For that consider a dense subspace Um>i^ 
^[i,m] oi % /Coo and let an arbitrary simple tensor element of this dense subspace he h ® 
ki® . . .®kt,® ^fgj^i oo) for some i £N,h£'H and ki £ Id. Set Up = . . . U*Up ...Ui{h® 
ki0 ...0 ke® for p G N. Since U(h Q.'^) = U(h Q'^) for ah h € n, we have 

ai = ai-^n for all n G N. Therefore we deduce that 

lim^ Ui... U*Un ...Ui{h®ki®...®ke® ^^J^+i,oo)) 

exists. Because U and tj are unitaries, we obtain an isometric extension W* to the whole of 
l-L <S> /Coo- Thus its adjoint is a coisometry W -.'H® /Coo -^T-L® /Coo- 

Now we will derive the limit form for W as claimed in the statement of the proposition. If 

h r] £ Ti (i^ ^[i,A:] , h f] £ Ti K,[i,n] and k < n, then 

{W{h0r]),h0fi) = {h®fi,W*{h®fj)) 

= {h®r,,Ul...UlUn...Ui{h®f,)) 
= {U; ...U:PnUn...Ui{h^v),hCSv). 

Consequently W = sot — lim . . . U*PnUn . . . Ui on a dense subspace and therefore it can 

n— >oo 

be extended to the whole oiH® /Coo- □ 
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Observe that 

w*{h^n'^) = h0n'^foT aiihen. (2.1) 

Next we show that this coisometry W intertwines between V^^ and Vj-^ for aU j = 1, . . . ,d. 
For j = 1, . . . ,d, define 

h<Si rj !->■ h0 ej T]. 

The fohowing are immediate: 

(1) S*{h^pi^r]) = {ej,pi){h(gir]) for {h®pi®ri) eU^Vi® K:^2,oo)- 

(2) Vp{h ®r]) = U^Sj{h (g) r/) for /i (g) ?7 G H ® /Coo- 

(3) Vf{h (g) 77) = U^Sj{h (g) 77) for ^ (g) 77 G H (g) /Coo- 
Proposition 2.2. //VF is as in Proposition 2.1, then 

WVf = VfW, VfW* = W*Vf for aUj = l,..., d. 

Proof, li h £ H^T] £ /Coo, h e a and fcj G /Cj, then by the three observations that were noted 
preceding this proposition 

( WVf{h (g 77), h^ki®...®ke^ ) 
= {U*{h® ej) (g r/, U^... U^Ue . . . (g fci (g . . . (g A;^ (g ^f^+i^^)) )■ 

Substituting U{h h) = U"^ ® kf' where U"^ G H and A;^^ G /C we obtain 
( WV,f{h (g)!]), h (g> ki (g> . . . (g> ki (g> f^[^+i,oo) ) 
= ( /j (g) (g) 77, C/2* . . . ?7;i/£ . . . U2C^{U^ ® /e?) ® ^2 ® • • • ® A;^ ® ^[^+1,00)) ) 

= ( W{h (g 7/), (g A;i (g . . . (g A;^ (g J^^+i,oo)) ) 

= ( UiSjW{{h (g 7?), ^ (g A;i (g . . . (g A;^ (g ^^^+1,00) ) 
= ( VfW{h (g 7/), /Kg A;i (g . . . (g fc^ (g f^[^+i,oo) )• 

Hence WV^ = V^W for ah j = 1, ... , d. To obtain the other equation of the proposition we 
again use the last two of the three observations as follows: 

W*Vf{h (g> ki (g) . . . (g> ke (g> J^f+i^^o)) 

= U1U2 . . . Ulj^iUe+i . . . U2UiUl{h ej <g) ki (g) . . . (g) ke ^ ^[i+2,00)) 
= UlU^ . . . U^+iUe+i . . . U2Sj{h ^ki® ...g)kig) ^fe+i^^o)) 
= U^SjU^ . . . U^Ue . . . Ui{h (g) A;i (g . . . (g A;^ (g) 
= VfW*{h^ki^ ...^ke^ ^5+i,oo) ) 

□ 
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Further define 

{n » /Coo)° := ® /Coo) Q{rL(^ n'^), 
{n /Coo)° := {n ^ /Coo) e (?i i^^) and n° ■.= ne n. 

Let ELi <S!) rii e {n (g) /Coo)° and ^ G 7^ . Then for j = 1, . . . , d 

i i 

i 

because U maps into 7^ (g) P and Xl^Li ^i-L^ Therefore Vf{n /Coo)° C {V.^ KLooY 

for j = 1, . . . , d. Similarly V^f (?i0/Coo)° C {n^JC^T for j = 1, . . . , d Set := ^>/|(«^i<;«,)° 
and V-^ := ^'^l(-^®/Ccx))° •? ~ ' ^- define 

then by equation (2.1) it follows that W* G B{{n®lCoo)°, ('H^/Coo)"). The operator W* is an 
isometry because it is a restriction of an isometry and W , the adjoint of W* , is the restriction 
oft? to CH»/Coo)°, le.,W = W\(-H^^^r. 

Remark 2.3. /i follows that 

wvf = vfw 

for j = l,...,d. 

3 Outgoing Cuntz Scattering Systems 

In this section we aim to construct an outgoing Cuntz scattering system (cf. [BV05j ) for our 
model. This will assist us in the next section to work with an input-output formalism and to 
associate a transfer function to the model. 

Following are some notions from the multivariable operator theory: 

Definition 3.1. Suppose T = (Ti, . . . ,Td) is a row contraction where Ti G B{C). 

(1) IfTi's are isometrics with orthogonal ranges, then the tuple T = (Ti, . . . ,Trf) is called a 
row isometry. 

(2) If span^^i JTjC = C and T = (Ti, . . . ,T(i) is a row isometry, then T is called a row 
unitary. 

(3) If there exist a subspace £ of C such that C = ®^(z\Ta£ and T = (Ti, . . . , T^) is a row 
isometry, then T is called a row shift and £ is called a wandering subspace of C w.r.t. T. 

Definition 3.2. A collection {C,y_ = (Vi, . . . , V^), ,Q) is called an outgoing Cuntz scattering 
system (cf. [BV05I), ifV_ is a row isometry on the Hilbert space C, and and Q are subspaces 
of C such that 

(1) for £^ := CQ spaUj^i^ ^VjC, the tuple V\Q^ is a row shift where = ©^^/^ ^oi£*- 

(2) there exist £ := Q Q spauj^i^ jVjQ with Q = ©^.^^ Va£, i-e., V_\g is a row shift. 
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We continue using the notations from the previous section. V^s are isometrics with or- 



j 

thogonal ranges and because (ej)^^;^ is an orthonormal basis of V, we have 

'rE 



sparij^l^ ijVj {H (8) /Coo) ='H® /Coo- 



Thus V_ is a row unitary on 'H'SilCoo- Now using the fact that Vj = |(W(gijCoo)° infer that 
V^^'s are isometrics with orthogonal ranges. Therefore is a row isometry on (H (8 /Coo)° ■ 

Proposition 3.3. If y := H i^f)-^ (8 C ?i /Coo, then 

w*y ± spmj=i,...,d vf{n ® /Coo)°. 

Proof. By Proposition 2.1 it is easy to see that 

w*y = u^Uiy c H (8 /Ci (8 nf^^^y (3.1) 

Let hi e a and fcj ± J7f for z = 1, . . . , n, i.e., J2i hi® ki® fi^ G 3^. For hk® rjk G 
(8 /Coo)° with hk GH and r/fc G /Coo 

( W*iE^ h^ ®h® f^f2,oo))' ^fi^k ® Vk) ) 

= { U*U{Ei hi ® ki) ® nf^^^y Y.k U*{hk ® ej) ® r^k ) 
= { U{Y.ihi®ki)®Q,f^^^yY.khk®ej®r]k ) =0. 

The last equality holds because X^jt % <^ % -L ^ (8 Thus W*y ± sparij^i dVfi^ ® 

/Coo)°. ""' □ 

Proposition 3.4. // y is defined as in the previous proposition, then W*y is a wandering 
subspace ofV^, i.e., V^{W*y) ± Vf{W*y) whenever a,P e A, P, and 

W*y = {n® /Coo)° e span^=i,...,dF/(H (8 /Coo)°. 

Proof. By Proposition 3.3 it is immediate that V^{W*y) ± V^{W*y) whenever a,/3 G A, 

a 7^ ^ and W*y C (8 /Coo)° spanj=i,...,dVf {H (8 /Coo)°- The only thing that remains to 
be shown is that 

{n ® /Coo)° e spmj^i,,„,dVf{'H ® /Coo)° c w*y. 

Let X G {n®IC 

oQ^°Qspanj—i^ ^^j^ {T-L(®>K,oo) ■ Write down the decomposition of x as x\®X2 
w.r.t. W*y ® (1^*3^)-*". So X — xi = X2 is orthogonal to both spauj^i^ „,dyf{n ® /Coo)° and 
W*y. Now we show that if any element in {%®lCoo)° is orthogonal to span^^i^ ^jV^ {%®}Coo)° 
and W*y, then it is the zero vector. Let xq be such an element. Because G (8 /Coo)° and 

XQ ± w*y, 

xoX?7*('^®ej-)®^p,oo) 
for j = 1, . . . , d. This implies xq ± sparij^i^ ijV^ {% ® fi^). We also know that 

xo ± spanj=i^,„^aVf{n (8 /Coo)°(= spari,=i,...,rfF/(H (8 /Coo)°). 

Therefore 

Xo -L spanj=i_..._rfy/(H (8 /Coo). 

Since F is a row unitrary, xo -L H (8) /Coo- So Xo = and hence x = xi G W*y. We conclude 
that {H (8 /Coo)° e span^=i_..._d^/(^ <^ ^oo)° C W*y. □ 
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Proposition 3.5. If £ := n (g> (nf)-^ ^[2,00) C /Coo)°, then V^£ ± V^£ whenever 

£ A,a^ 13 and {n® /Coo)° = n° (B ^a^A^a^- 

Proof. If \a\ = \/3\ and a 7^ /3, then it is easy to see that V^£ _L V^£ because ranges of ^^'s 
are mutually orthogonal. If |a| 7^ |/3| (without loss of generality we can assume that \a\ > |/?|), 
then by taking the inner product at the tensor factor /C|q|+i we obtain V^£ _L V^£. 
To prove the second part of the proposition, observe that for n G N, 

^^f3,oo)) © • • • © © ^[l,n-l] © i^n)^ © f^|^+l,oo)) 

d d 

= ®n'^)®£®^vl^£®---® V^£. 

j=l |o|=n~l 

Taking n — )• cxd we have the following: 

Since (n )Coo)° = CH )Coo) e [n (E> ft'^), it follows that 

[n /Coo)° = ^° © v^£. 

aeA 

□ 

We sum up Propositions 3.3, 3.4 and 3.5 in the following theorem: 

Theorem 3.6. For a generalized repeated interaction model involving unitaries U and U as 
before set y ■= % (J7f)^ © and £ := H ® (Of)^ © ilf^^^y If £^ := W*y, 0+ := 

®aeA^a^* ^''^d Q := ®a£A^a^> ^^^'^ Collection 

m © /Coo)°,z'' = {v,"^. ■ ■ ■ , yF),Qt,G) 

is an outgoing Cuntz scattering system such that (% © lCoo)° = T~L° © Q- 

Remark 3.7. Applying arguments similar to those used for proving the second part of the 
Proposition 3.5 one can prove the following: 

[n © /Coo)° = v^y. 

We refer the reader to Proposition 3.1 of [Goll] for a result in a similar direction. 

4 A-Linear Systems and Transfer Functions 

We would demostrate that the outgoing Cuntz scattering system (('H ©/Coo)°,Z^ = {Vf, 
yii'),Gt jG) from Theorem 3.6 has interesting relations with a generalization of the linear sys- 
tems theory that is associated to our interaction model. For a given model involving unitaries 
U and U as before, let us define the input space as 

U:=£ = U® (J^f )^ © J^g^^) C (-H © /Coo)° 
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and the output space as 



y = 'H® {VL^)^ ® /Coo)°. 

Note that ^®/C = 1-L®U and U^K, = U^y. So U maps n®U onioU®'? and U maps n®y 
onto T-L^V. Using unitaries U and J7 we define Fj : % ^ U and Dj : T-L ^ y for j = 1, . . . , d 
by 

^F/r/(g)ej := ;7(0e?7), ^ D*y ej := U{0 ® y) for t] £ U and y £ y. (4.1) 
j=i j=i 

Combining equation (4.1) with equations (1.3) and (1.4) we have for h £ Ti, r] £ U, h £ 
a and y £y 



Uiherj) = Y,iE;h + F*rj)(g>ej, 



d 

tj{h®y) = Y,^Cfh + D*y)®e, 
j=i 

respectively. Using equation (4.3) it can be checked that 

ij*{h ej) = {{Cfh f)'^) e Dfh) iorh£'H;j = l,...,d. 
Let us define 

d d 

c ■.= Y^ DjP^E* -.n^y, D-=Y1 DjP^F* -M^y 

3=1 i=i 
where is the orthogonal projection onto %. It follows that 

Pyjj*PiU{h ®7]) = Ch + Dr] 



(4.2) 
(4.3) 

(4.4) 



(4.5) 



where h £ 7i,r] £ U , Pi is as in Proposition 2.1 and Py is the orthogonal projection onto y. 
Define a colligation of operators (cf. [BV05]) using the operators Ej^s, F*^s, C and D by 



/El FA 



Ed F*, 



■.n®u ^ ^ney. 



\C DJ 

From the colligation Cjjq we get the following A-linear system '^jjjy' 

x{ja) = E*x{a) + F*u{a), 
y{a) = Cx{a) + Du{a) 

where j = 1, . . . ,d and a,ja are words in A, and 

x-.A^Ti, u:A^U, y:A^y. 



(4.6) 
(4.7) 
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If x(0) and u are known, then using "^uo we can compute x and y recursively. Such a A-Hnear 
system is also called a noncommutative Fornasini-Marchesini system in jBGMOGj in reference 
to |FM78] . 

Let z = {zi, . . . , Zd) be a d-tuple of formal noncommuting indeterminates. Define the 
Fourier transform of x, n and y as 



x{z) = ^ 



x[a z 



u[z 



^ u{a)z", y{z) = ^ y{a)^ 



respectively where z° = z^^ . . . Zai for a = . . . ai G A. Assuming that z-variables commute 
with the coefficients the input-output relation 



can be obtained on setting x{ 



where 



*z^K 



(4.8) 



/3eAj=i,...,<i 



Here /3 = j3i . . . j3n is the reverse of /3 = /?„... /3i G A and ©[^^ maps U to y. The formal 
noncommutative power series Qufj is called the transfer function associated to the unitaries 

U and U . The transfer function is a mathematical tool for encoding the evolution of a A-linear 
system. 

Theorem 4.1. The map Me^- : f(k,U) ^ ^^(A,3^) de^nerf 6y 

^e^ fjU{z) := Qjj fj{z)u{z) 

is a contraction. 

Proof. Observe that Pytj* PiU{h(^Q!^) = for all h gH. Consider another colligation which 
is defined as follows: 



C° - - 



(El° F^°\ 



where Ef := Ph°E*\ho : W ^ W , F*° := Ph^F* : U ^ W and & := C\u° : n° 
y for j = l,...,d. Consider the outgoing Cuntz scattering system {{H ICoo)°,V_^ = 
{Vf,...,Vf),g+,g), with {n JCooT = W ®Q, constructed by us in Theorem 3.6. In 
Chapter 5.2 of |BV05] it is shown that there is an associated unitary colligation 



(El Fi\ 

Ed Fd 
\M Nj 



(4.9) 



such that {Ej,Fj) = PH°{yjY\w®£ and (M,iV) = PsAw^e- 

From equations (2.2) and (2.5) we observe that {E*°,F*°) = PH°®e.U\u°®£ (identifying 



10 



with 'H°®ej) and {C°,D) = PyU* PiU\-H°e£- Using these observations we obtain the following 
relations: 

U*{E*°,F*°) = U*P'H°^ejU\n°®£ = Pu*in°»ej)\n°®e = Pvfn°\'H°®£ 

= VfPno{Vfr\noes = Vf{Ej,Fj) (4.10) 

for J = 1, . . . , d and 

U*U{C°,D) = U*UPytj*PiU\Ho^s = U*P(jyPiU\Ho^e = U*P^yU\H^^s 
= Pu*uy\'^°®£ = Pw*y\H°®£ (by equation (3.1)) 
= P£M°®£ = {M,N). (4.11) 

Let u{z) = EaeA'"(")'^° ^ f{A,U) with u{a) G U such that EaeA < We 

would prove that 

\\Me^^,uiz)f < Mz)f. 

Define x : A — ^ by equation (4.6) such that x(0) = 0. Further, define x°{a) := P^ox(a) for 
all a G A. Now applying the projection P-^o to relation (4.6) on both sides and using the fact 
a is invariant under for j = 1, . . . , d we obtain the following relation: 

x°{ja) = E*°x°{a) + F*°u{a) for all a G A, j = 1, . . . , d. (4.12) 

Because PyU*PiU(h (g) O^) = for all he H we conclude by equation (4.5) that 

Ch = ioihe n. (4.13) 

This implies 

Cx{a) = C°x°{a) for all a G A. (4.14) 

Define y : A ^ y hy 

y{a) := Cx{a) + Du{a) (4.15) 
for all a G A. Recall that the input-output relation stated just before the theorem is 

y{z) = J2 = Ou,ui^M^)i= M0^,oH^)). 

Using the unitary colligation given in equation (4.9) we have 

d 

\\x°{a)f + \\u{a)f = ^ (a) + Fj^x(a)f + ||Ma;° (a) + iV^x(a)f 

d 

= J2 ll^r^°(«) + ^r^(«)f + \\C°x°{a) + Du{a)f 

d 

= Y,\\x°ija)f + \\Cx{a)+Du{a)f 

3=1 

= ^\\x%ja)f + \\y{a)f 

3=1 
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for all a G A. In the above calculation equations (4.10), (4.11), (4.12), (4.14) and (4.15) 
respectively have been used. This gives us 

d 

|Ka)f - ||y(a)f = ^ ||x°(ja)f - ||x°(a)f 

for all a G A. Summing over all a € A with |q| < n and using the fact that x°(0) = we 
obtain 

|o|<n |Q!1<?i |«|=n+l 

Therefore 

\\v{a)f < \\u{a)f for all n G N. 

a|<7i IqI^J^ 

Finally taking limit n — )• oo both the sides we get that Mq^ u ^ contraction. □ 

Mq^^ is a multi- analytic operators ( |Po95j ) (also called analytic intertwining operator in 
|BV05] ) because 

^^u.u^Y. ^(«)^"^') = ^e^,^(E ^(«)^")^' for j = l,...,d, 

i.e., Mq^^ intertwines with right translation. The noncommutative power series is called 
the symbol of Mq^^. 

5 Transfer Functions, Observability and Scattering 

We would now establish that the transfer function can be derived from the coisometry W of 
section 3. In the last section d-tuple z = (zi, . . . ,2^) of formal noncommuting indeterminates 
were employed. Treat {z°')a(z\ as an orthonormal basis of ^^(A,C). Assume y and U to be 
the spaces associated with our model with unitaries U and U as in the last section. For 
y{(y) G y with X^Qg^ ||y(a)|P < oo, any series X^qgA ^('^)'^" stands for a series converging 
to an element of £^(A,3^). It follows from Remark 3.7 that there exist a unitary operator 
t:{rL® /Coo)° ^ ^^(A,3^) defined by 

f(Vfy):=yz" for ah QGA,yG3^. 

We observe the following intertwining relation: 

nv^y) = {ry)z^- (s.i) 

Similarly, using Theorem 3.6, we can define a unitary operator F : (^ (g) /Coo)°(= {'H° © G)) 
'H°(Bf{A,U) by 

F(A © V^T]) ■.= he r]z^ for aU a G A 
where h G 71°, r] In this case the intertwining relation is 

nvfv) = (r??)^^ (5.2) 
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Using the coisometric operator W, which appears in Remark 2.3, we define Tw by the following 
commutative diagram: 

{n ic^y {n iCooT (5.3) 

f 

71° (B £Hku) ^^^^ eH^,y), 

i.e., Tw = fwr-K 

Theorem 5.1. Tw defined by the above commutative diagram satisfies 

Proof. Using the intertwining relation V-^W = WV^ from Remark 2.3, and equations (5.1) 
and (5.2) we obtain 



tvfV^Wr] = {tWr])z'^z^ = Tw{'nz'^)z^ 



for T] £ U , (3 £ A, j = 1, . . . , d. Hence, r(4/|^2(y\^ ^) is a multi-analytic operator. For computing 
its symbol we determine Twrj for rj £ U, where rj is identified with rjz'^ G £^(A,W). For 
a = CKn-i . . . «! G A let be the orthogonal projection onto 



f-^{/ G e^{A,y) : f = yz'^ for some y £Y] 

'[n+l,oo)J 



with f/j's as in Proposition 2.1. 

Recall that the tuple E_ associated with the unitary [/ is a lifting of the tuple C_ (associated 
with the unitary U) and so E can be written as a block matrix in terms of C_ as follows: 

Ej = ( ? ) for j = 1, . . . , (i w.r.t. to the decomposition % = 'H® %° where S and A are 

some row contractions. Because ^ is a coisometric lifting of C_ we have 

d d 

^c,c; = /and j;c,i?; = o 
j=l i=l 

(cf. [DGll ]) . Now using these relations and equations (4.2), (4.3) and (4.4) it can be easily 
verified that 

P^Ul . . . U*PnUn ...Uiv = PaUl • • • U*raPmU^ ■ ■ ■ UiT] for all m > n, 7/ G U. 
Using the formula of W from Proposition 2.1 we obtain 

PaWrj = P^U* . . . U*PnUn . . . UiTj for rj£U. 

Finally for rj £U 

p fr* fT*PTT TT - i H n = l,a = $, 

P^U, . . . V^P^Vn . . . t/ir/ - I yC^cEl^_^ . . . E*^F*^rj) if n = |a| + 1 > 2. 
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This implies for rj £U 

\a\>l 

Comparing this with equation (4.8) we conclude that rvi/|^2(-^ ^) = Mq^^. □ 

We illustrate below that the notion of observability from the linear systems theory is closely 
related to the scattering theory notions for our model and the outgoing Cuntz scattering system. 

Definition 5.2. The observability operator Wq : 71° — t- £'^{A,y) is defined as the restriction 
of the operator T]y to T-l° , i.e., Wq = r^yl-^o. 

It follows that WqIi = {C{Ea)*h)^^j^. Popescu has studied the similar types of operators called 
Poisson kernels in |Po99j . 

Definition 5.3. // there exist k,K > such that for all h € 

k\\hf < \\C{E5,yhf = \\WQhf < K\\hf , 

then the K— linear system is called (uniformly) observable. 

Observability of a system for dim?^ < c« is interpreted as the property of the system that in 
the absence of Z^Z-inputs we can determine the original state h S T-L° of the system from all 
3^-outputs at all times. Uniform observability is an analog of this for dim 7^ = oo. 
We extend Wq to 

Wo-.iii® n°){= n)^n® f{A, y) 

by defining WqJi := h for all h G H. If Wq is uniformly observable, then using k = k and 
K = max{l,K} the above inequalities can be extended to Wq on T-l as 

k\\hf< \\Wohf<K\\hf 

for all h£n. 

Before stating the main theorem of this section regarding observability we recall from 
|DGllj the following: Let C be a row contraction on a Hilbert space Tic- The lifting E of 

^ E ^ C 

C is called subisometric [DGll] if the minimal isometric dilations V_ and y_ oi E and C_ 
respectively are unitarily equivalent and the corresponding unitary, which intertwines between 
Vj^ and Vf^ for alH = 1, 2, . . . , d, acts as identity on T-Lc- 

Theorem 5.4. For any A-linear system associated to a generalized repeated interaction model 
with unitaries U, U the following statements are equivalent: 

(a) The system is (uniformly) observable. 

(b) The observability operator Wq is isometric. 

(c) The tuple E_ associated with the unitary U is a subisometric lifting of the tuple C_ (asso- 
ciated with the unitary U ). 

(d) W -.{n® KLooT {n® /Coo)° is unitary. 
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If one of the above holds, then 

(e) The transfer function ^ufj is inner, i.e., Mq^^ : i'^{A,U) — >■ £'^{A,y) is isometric. 

If we have additional assumptions, viz. dimH < oo and dimT' > 2, then the converse holds, 
i.e., (e) implies all of (a), (6), (c) and {d). 

Proof. Clearly (d) (b) (a). We now prove (a) ^ (d). Because the system is (uniformly) 
observable there exist k > such that for all h eH° 

k\\hf<\\Wohf. 

Since Um>i ^ ^[i,m] is a dense subspace of H (8) /Cqq, for any 7^ r/ G H (8) ICoo there exist 
n G N and rj' G H (8) ^[i,n] such that 

II /II ^ II II 
77 — 77 < — = 77 . 

Let 7?o G Suppose C/„ . . . t/iryo = ^0 ®J3o ® f^[^+i_oo), where Hq £7i,po £ V[i^n] - Then 

clearly 

hm ||i7r . . . U*U*+^ . . . UIjPnUn ■ ■ ■ U^+iUn • • • C/ir/o|| = W^hoW ||po|| 
and thus by Proposition 2.1 it is equal to HVFryoU- Because the system is (uniformly) observable, 

||W^o/io|||bo||> V^||/io|||bo||. 

Therefore ||1^77o|P > A;||77o|P- However, in general Un... Uirjo = Hq^ ^Pq'^ (8) with 

hg eH and some mutually orthogonal vectors Pq G 'P[i,n]- By using the above inequality for 
each term of the summation and then adding them we find that in general for all 770 G H<8)/C[i^] 

WWriof > fc||7?of . 

In particular, for rj' K,[i,n] we have the above inequality. Therefore 



\\Wv\\ > \\Wrj'\\-\\W{v'-v)\\ 

> s/kWrj'W — \\r] — rj'W 

> V^IItjII -(v^+l)||?7-7/'|| >0. 



This implies Wrj 7^ for all 7^ 77 G H (8) /Coo and hence W is injective. Recall that W is a 

coisometry and an injective coisometry is unitary. Further, because 

for all /i G "H it follows that W is unitary. This establishes (a) =^ (d) and we have proved 
(a) ^ (6) ^ (d). _ 

Next we prove (d) (c). Assume that (d) holds. Since W is unitary, clearly W is unitary. 

We know that PF intertwines between the minimal isometric dilations V_ and V_ of E and Q 

respectively. Hence _E is a subisometric lifting of C_. 

Conversely, if we assume (c), then by the definition of subisometric lifting there exist a 
unitary operator 

which intertwines between V_ and V_ , and Wi acts as an identity on'H® Q,'^ . To prove W 
is unitary it is enough to prove W is unitary. We show that W = Wi . By the definition of the 
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minimal isometric dilation we know that % ® /Cqo = span{y^ (h ® : ^ £ "H, a G A}. For 
h & hy equation (2.1) and Proposition 2.2, 



= w^vfwi{h (g) n'^) = w^vfih (8) n^^ 



Thus W* = W{ and hence W = Wi. 

To prove (d) ^ (e) we at first note that since W is unitary, Tw is also unitary. By 
Theorem 4.2, we have Mq^^ = ^wlp^^ji^Ky Since a restriction of a unitary operator is an 
isometry, Mq^^ is isometric. 

Now using the additional assumptions dim^ < oo and dim'P > 2, we show (e) =^ (b). 
Define 

nscat -nn w*in ^jc^o) = n®{hen° ■. \\Woh\\ = \\h\\}. 

Since ||Wo/i|| = lim \\Ui . . . UnPnUn ■ ■ ■ Uih\\ by Proposition 2.1, the following can be easily 

n— >oo 

verified: 

U{Hscat ^ ^'^) C Hscat ® P- (5-4) 

Because Mq^^ = ^w\p(^Ai() is isometric by (e), it can be checked that 

U{n ® (O^)^) C Hscat ® V. (5.5) 

Combining equations (5.4) and (5.5) we have 

U*i{ne Hscat) ®V)^{HQ Hscat) <8) (5.6) 

Since dim'H < oo and dim'P > 2, comparing the dimensions of the both the sides of equation 
(5.6), we obtain H Hscat = {0}, i.e., H = Hscat- This implies Wq is isometric and hence 
(e) (b). □ 

6 Transfer Functions and Characteristic Functions of Liftings 

Continuing with the study of our generalized repeated interaction model, from the equation 
(4.4), we have 

U*(h (g) ej) = {{Cjh fi^) e Djh) ior h e H and j = 1, . . . , d. 
Moreover, because V^iji ® il^) = U*{h® ej) (g) $7^ we obtain 

Vfih ® O^) = {{Cjh nf) e Djh) for /i G ?i and j = 1, . . . , d. (6.1) 



Let Dc := (/ - C*C)2 : 0^^^ H 0"^^ H denote the defect operator and Vc := Range Dc- 
The full Fock space over {d > 2) denoted by T is 

jp = cec<^e(e')^'®---e(cT'"©-- - • 

The vector 60 := 1 © © • • • is called the vacuum vector. Let {ei, . . . , e^} be the standard 
orthonormal basis of C^. For a G A and |a| = n, denote the vector Cq.^ (g) e^j <8' • • • C3 in 
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the full Fock space T . We recall that Popescu's construction |Po89aj of the minimal isometric 
dilation = (V"f , . . . ,V^) o^U® {T ® Vq) of the tuple C_ is 

yf(h © ^ e„ ® da) = C^h © [eg © {Bc)^^ + e^- ® ^ © do\ 

for G H and G where {Dc)jh = Dc{0, ■ ■ ■ ,h, . . . ,0) {h is embedded at the 
component). So 

y^^/i = Cfh © (60 © {Dc)jh) ioi h£n and j = 1,..., d. (6.2) 

From equations (6.1) and (6.2) it follows that 

d d 
\\Y,Dih,f = \\Y,{Dc)M (6.3) 

i=i i=i 

where /ij G ?^ for j = 1, . . . , d. Let '■ span{Djh : /i G "H, j = 1, . . . , d} — )• "Dc be the unitary 
given by 

d d 

$c(^ -f^j^i) = '^{Dc)jhj for /ij G a and j = 1, . . . , d. 

i=i i=i 

Similarly with De := (/ - E*E)2 : 0f^^ H ^ 0^=^ H and P^j := Range De we can define 
another unitary operator ^e '■ span{Fjh : h £ Ti , j = 1, . . . , d} ^ Ve by 

d d 

^eC^ Fjhj) = '^{DE)jhj for hj G Ti and j = l,...,d. 

j=i i=i 

The second equation of (4.1) yields 

d 

^DjD*y = y for y ^y. 

i=i 

This implies 

span{Djh : h £ T-l , j = 1, . . . , d} = y . 

Similarly, we can show that span{Fjh : h £ T-Ljj = 1, . . . ,d} = U. Thus is a unitary from 
y onto and is a unitary from W onto T>e- As a consequence we have 

D*D, = {Dc)*{Dc)i = 6^jl - C*Ci, (6.4) 
F*Fi = {DE)*{DE)i = SijI - E*E,. (6.5) 

Define unitaries M^^ : f(k, y) ^ F ®Vc and ^e ■ Uz^ ^ eg © P^; by 

qGA qGA 

^e{uz^) ■■= eg,0^EU 
which would be useful in comparing transfer functions with characteristic functions. 
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Define D^^a '■= (I — AA *)^ : 'H° — )• 1-L° and V^^a '■= Range -D*,a- Because S is a coisometric 
lifting of C_, using Theorem 2.1 of |DG11| we conclude that there exist an isometry 7 : 
Vc with 7L>*,^/i = B*h for all h G 71° . Further, for he'H° 

d d 

^cCh = ^cY.^iPH^*j^ = ^c^DjP^{B*h®A*h) 
3=1 i=i 

d d 

= ^cY.D3B*h = Y,{Dc),B*h 

j=i 3=1 
= DcB*h = B*h. 

The last equality holds because for the coisometric tuple C the operator Dq is the projection 
onto Dc and Range 5* C "Dc- This implies 

^cCh = jD.^Ah. (6.6) 

The characteristic function of lifting E_ of C_, which was introduced in [DGllj . has the 
following expansion: For h €z H 

ecMDE)ih = 60 ® [iDc)ih - jD^^ABih] - ^ e„ jD^,A{AaTBih (6.7) 

|a|>l 

and for h £ n° 

d 

Qc,E {DE)ih = -60 ® jD^^AAih + ^ ® ^ e„ ® -fD,^A{AaY {6jil - A*Ai)h. (6.8) 

j=l a 

Theorem 6.1. Let U and U be unitaries associated with a generalized repeated interaction 
model, and the lifting E_ of C_ be the corresponding lifting. Then the characteristic function 
&C,E coincides with the transfer function i-e., 

Proof. If h £ Ti and i = 1, . . . ,d, then by equation (4.8) 

l3eA,j=i,...,d 

= M^c[DFihz^+ C{E^)*F*Fih zf^^]. (6.9) 

l3eA,j=l,...,d 

Case 1. hGli: 

d d 

DFih = ^DjP^F;Fi/i = ^L»^P^(5ijI-£:;^i)/i 
3=1 i=i 

d 

= Dih- (Y DjP^E*)Eih = Dih - CEih 
i=i 

= Dih- C{Cihe Bih) = Dih- CBih. 
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Second and last equalities follows from equations (6.5) and (4.13) respectively. By equation 
(6.5) again we obtain 

C{E^rF;F,hz^^ = C{E^n5,,I-E*Ei)hz^^ 
l3eA,j=l,-,d 0eA,j=l,-,d 

= J2C{E^rhz^'- Yl C{E-^rE*Eihz^i 
/3eA ^eK,3=i,...,d 

= - C{E^rE*Eihz^^ 
/3eA,j=i,...,d 

(because C{E^)*h = C{Cp)*h = by equation (4.13)) 

= - Y C'(S^)* ((C;a + B*Bi)h e A*Bih) z^^ 
/3eA,j=i,...,d 

= - Y C{A^TA*Bih z^^ (by equation (4.13)) 

/3GA,i=l,...,d 

= - Y CiAaYBih z". 

|a|>l 

So by equation (6.9) we have for alH = 1, . . . , d and h gV. 

M^c%,ui^)iFihz'^) = M^cKDih - CBih) z^ - Y C{A^TBih z"] 

|a|>l 

= 60 ® ^c{Dih - CBih) - ca ® ^c{C{Ac,yBih) 

\a\>l 

= 60 (g) [{Dc)ih - ^D^^ABih] - ^ 6a (g) -^D^^A{Aa)*Bih. 

\a\>l 

By equation (6.7) it follows that 

M^c%fi{z){Fihz'^) = ecMe^<^iDE)ih) 
= ec,E^E{Fihz^). 

Case 2. he'H° : 

d d 
DFih = Y^jP'H^^^i^ = H^3PH^^ij^ - ^*3^i)h 

j=i i=i 

d 

= DiPyh - ( Y DjP^E*)Eih = -CAih 

i=i 

Second equality follows from equation (6.5) respectively. By equations (6.5) and (4.13) again 
we obtain 

Y C{E^rF*FihzP^ = Y C{E^nS^jI-E*Ei)hzf'^ 
l3eA,j=l,...,d 0eA,j=l,...,d 

Y C{A^r{SijI-A*Ai)hzf'^. 

0€A,j=l,...,d 
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So by equation (6.9) we have for alH = 1, . . . , d and h gV, 



o 



m^e^jy{z)iFihz' 



M^cl-CAih / + C{A-py{5ijI - A*Ai)h z^^] 



/3eAj=l,...,(i 



-e^^®^c{CAih)+ ej®e^®^c{C{A-p)*{5ijI - A*Ai)h) 



/3gA,j=l,...,d 



-60 (g) 7D*,A^i^ + Y ej®e-p®-iD^^A{A-py{5ijI-A*Ai)h. 



fSeA,j=l,...,d 



By equation (6.8) it follows that 



M^^e^fyiz)iFihz^) 



6c,B(e0 {DE)th) 
Qc,E^E{Fihz^). 



Hence we conclude that 



Qc,E^E- 



□ 



For the generalised repeated interaction model Theorem 6.1 elucidates that the transfer 
function, which is a notion affiliated to the scattering theory, is identifiable with the character- 
istic function of the associated lifting. This establishes a strong connection between a model 
for quantum systems and the multivariate operator theory. Connections between them were 
also endorsed in other works like |Bh96j . |Go04| . |DG07] and |Goll| . and this indicates that 
such approaches to quantum systems using multi-analytic operators is promising. 

Acknowledgement: The first author received a support from UKIERI to visit Aberystwyth 
University, UK in July 2011 which was helpful for this project. 
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